It seems problem 85 from section 5.5 is raising a conceptual question for some students:

If j f(x)dx =10, find j £(2x) dx

The solution shown in lecture was

Use u — substitution:
Let u =2x

Change the limits of integration:
x=0 = u=0
x=2 = u=4

Rewrite the integrand and differential completely in terms of the new variable (u ):
du = 2 = dx = ldu = f(2x)dx = f(2x)-ldu = lf(u)a’u
dx 2 2 2

Rewrite the definite integral completely in terms of the new variable (u ):

jf(zx)dx = j%f(u)du = %J.f(u)du = %J.f(x)dx = %(10) =5

: : 17 17
It seems that the conceptual problem might be coming from the part: “EJ. fwydu = 5 j f(x)dx”
0 0

Some students may be confused that it seems like
u = 2x (from the u — substitution) and u = x (from the above part)
at the same time.

4 2 4 4
. . 1 1
This is not the case because the x ’s in “jf(x) dx=10", “If(Zx) dx” and “Ej.f(u) du = Ejf(x) dx”
0 0 0 0
are “not necessarily the same”, but it doesn’t matter anyway.
This last statement probably just adds to the confusion, so let me expand on the reasoning.

The central concept to keep in mind is that
the name of the variable used in a definite integral is irrelevant,
as long as its use is consistent.

That s, } f(x)dx = } f@)dt = } fO) v,

4

4 4
[If you’re not sure why, ask yourself what is the difference between J.xz dx versus J.z‘2 dt versus j v dv.
0 0 0

The answer is that there is no difference since they all equal %(43 -0%) = 64 Ny

4 2
So, the original question,  “If j f(x)dx =10, find j F(2x)dx”
0 0

4 2
could have been written as ~ “If j f(t)dt=10, find j f(2x) dx” (the x’s in the first integral were changed into #°’s).
0 0

4 4
And, in the solution, the part “% .[ f(u)du %J. f(x)dx”
0 0

4 4
could have been written as “% I f(u) du %j f(¢) dt” instead, and the rest of the solution would follow.
0 0



4 4 4
- : : 1 1 .
I presented this in class by changing the x’s in “ jf(x) dx =10" and “Ejf(u) du = EJ-f(x) dx” intored x’s
0 0 0

while leaving all the other x ’s black.My use of the red x was like changing those x ’s into #’s as shown above.

4 2 4 4
So, in this way, the x’s in “jf(x) dx =107, “J.f(2x) dx” and “%J.f(u) du = %jf(x) dx”
0 0 0 0

are not necessarily the same,
since we could replace the x ’s in the first and last integrals with ¢’s without making any difference.

In fact, we could have replaced the x’s in each integral with any variables without making any difference,
as long as we were consistent in using the same variable within each integral.

So, the following questions are all identical

4 2

“If [ f(¢)dt =10, find [ f(2x) dx”
0 0
4 2

“If j f(x)dx =10, find j ft)dt”
0 0
4 2

“If j £(0)do =10, find j fQ2y)dy”
0 0

“If j-f(y) dy =10, find j-f(2x) dx”
and their so(iutions are identical t(;) the one above, with all variables replaced accordingly.
However, by the same argument, they are all equivalent to the question
“Ifj-f(x)dx =10, find j-f(2x) dx”
which mealzs they are all equivale(;qt to the question
“If jf(x) dx =10, find jf(2x) dx”
with the orioginal solution shownoabove and in lecture.
And this is how related integrals (like the pair in this problem) will be presented in your future classes,

using the same variables in multiple integrals that look entirely different from one another.
(Look at problem 79 in section 5.5.)

And finally:

4 4
If you really understand the above, then you should understand that writing “% I fw)ydu = %j f(x)dx”
0 0

was in fact unnecessary, and the last line of the solution would have been correct just written as

If(2x)dx = :[ fwdu = %;if(u)du = %(10) = 5
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Rewrite the definite integral completely in terms of the new variable (
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are “not necessarily the same”, but it doesn’t matter anyway.



This last statement probably just adds to the confusion, so let me expand on the reasoning.

The central concept to keep in mind is that

the name of the variable used in a definite integral is irrelevant,

as long as its use is consistent.

That is, 
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The answer is that there is no difference since they all equal 
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So, the original question,
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could have been written as
“If 

[image: image26.wmf]10


)


(


4


0


=


ò


dt


t


f


, find 

[image: image27.wmf]ò


2


0


)


2


(


dx


x


f


” (the 

[image: image28.wmf]x


’s in the first integral were changed into 

[image: image29.wmf]t


’s).

And, in the solution, the part
“

[image: image30.wmf]ò


ò


=


4


0


4


0


)


(


2


1


)


(


2


1


dx


x


f


du


u


f


”

could have been written as
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and their solutions are identical to the one above, with all variables replaced accordingly.

However, by the same argument, they are all equivalent to the question
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with the original solution shown above and in lecture.


And this is how related integrals (like the pair in this problem) will be presented in your future classes,
using the same variables in multiple integrals that look entirely different from one another.
(Look at problem 79  in section 5.5.)

And finally:
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